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Abstract: In this paper we examine the singularities of solution surfaces of Monge–Ampe`re equations and
study their global and local effects on the solutions for certain kinds of equations in the framework of contact
geometry. In particular, as a byproduct, we give a simple proof to the classical Hartman–Nirenberg’s theorem
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1. Introduction
A Monge–Ampe`re equation for a surface z = φ(x, y) in R3 is given by
Ar + 2Bs + Ct + E + F(r t − s2) = 0,
where
p = ∂φ/∂x, q = ∂φ/∂y, r = ∂2φ/∂x2, s = ∂2φ/∂x∂y, t = ∂2φ/∂y2
and A, B, C, E and F are functions of x, y, z, p and q [7]. The Monge–Ampe`re equations and
their generalizations may be well described in contact geometry [23].
Let M be a (2n − 1)-dimensional contact manifold with a contact distribution D ⊂ T M .
A Monge–Ampe`re system (or simply a Monge–Ampe`re equation) is an exterior differential
system  locally generated by a contact form of D (that is, a local section of the line bundle
D⊥ ⊂ T ∗M), and an (n − 1)-form θ [4, 24]. For example, if we take
θ = A dp ∧ dy − 2B dp ∧ dx + C dq ∧ dx + E dx ∧ dy + F dp ∧ dq,
with the contact form dz − p dx − q dy, then we get the Monge–Ampe`re equation of the form
above.
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Let  be a Monge–Ampe`re equation on M . A solution S of  is an integral manifold of 
of dimension n − 1, namely a Legendre submanifold of M on which θ vanishes.
Generalizing the notion of solution, we call a mapping f : L −→ M from an (n − 1)-
manifold L a generalized solution of  if the pull-back f ∗ of  by f is equal to zero. Here
we do not assume f is an immersion, therefore f (L) is an integral manifold possibly with
singularities.
An important example of contact manifold is the projective cotangent bundle PT ∗N of an
n-manifold N , identified with the manifold of contact elements of N . This bundle has the
natural Legendre fibring π : PT ∗N −→ N . In the case M = PT ∗N , a hypersurface A ⊂ N
is called a geometrical solution of  if the natural Legendre lift
A˜ = {(x, Tx N ) ∈ PT ∗N ; x ∈ A}
of A with respect to π is a solution of  in the above sense.
So far we have defined the three kinds of notions for solutions of a Monge–Ampe`re system.
When we study singularities of a solution S of a Monge–Ampe`re system  on a contact
manifold M , we should distinguish the singularities of S itself, that is, the singularities of a
parametrization f : L −→ S ⊂ M , and the singularities with respect to the Legendre fibring,
that is, the singularities of π ◦ f : L −→ N .
Among the Monge–Ampe`re equations, there exists a remarkable system canonically associ-
ated with projective geometry which we are going to treat: Let V be an (n +1)-dimensional real
vector space (n  3) and P(V ) the corresponding n-dimensional projective space. If we denote
by V ∗ the dual vector space to V , then P(V ∗) is identified with the dual projective space to
P(V ), that is, the totality of projective hyperplanes in P(V ), under the pairing V × V ∗ −→ R.
Thus, for a q ∈ P(V ∗), q∨, the dual of q, stands for a hyperplane in P(V ). We set
Q = {(p, q) ∈ P(V ) × P(V ∗); p ∈ q∨}
= {([x], [ξ ]) ∈ P(V ) × P(V ∗); 〈x, ξ〉 = 0}.
Then Q is a (2n − 1)-dimensional manifold, endowed with the double fibrations
ρ : Q −→ P(V ), ρ ′ : Q −→ P(V ∗),
and identified with PT ∗ P(V ), the projective cotangent bundle of P(V ). Similarly, Q ∼=
PT ∗ P(V ∗). Moreover there is a canonical contact structure D = Ker ρ∗ ⊕ Ker ρ ′∗ on Q such
that the above isomorphisms are contact isomorphisms [1]. Then the subbundle Ker ρ ′∗ of D of
rank n − 1 defines the Monge–Ampe`re system 0 on Q whose characteristic system is Ker ρ ′∗.
Let A be a hypersurface in P(V ). Then we regard the Legendre lift A˜ ⊂ PT ∗ P(V ) as a
Legendre submanifold in Q. Considering the Legendre fibring ρ ′ : PT ∗ P(V ) ∼= Q −→ P(V ∗),
we set
m = rank (ρ ′|A˜) = max
x∈A˜
rank ((ρ ′|A˜)∗ : Tx A˜ −→ Tρ ′(x)P(V ∗)).
Then A is a geometrical solution of 0 if and only if m  n − 2.
In this paper we prove the following result on the global geometrical solutions of the Monge–
Ampe`re system 0:
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Theorem 1. Let dim P(V ) = n. If a closed (i.e. compact without boundary) smooth hypersur-
face A of P(V ) is a geometric solution of the Monge–Ampe`re system 0, then m = rank (ρ ′|A˜)
is an even number, and n < 12 m(m + 3), provided m = 0. In particular, a closed smooth
hypersurface A of P(V ) is a geometrical solution of the Monge–Ampe`re system 0 with rank
m  1 if and only if A is a projective hyperplane of P(V ).
Remark that, via A ∼= A˜, ρ ′|A˜ gives the Gauss map A → P(V ∗). Then, as well known, in
the complex analytic category, a closed geometrical solution of 0 is a necessarily a projective
hyperplane without the rank condition (cf. [8, (2.29)], [33, p. 448]). We give a simple proof of
this fact using our method (Proposition 9).
Contrarily to the complex case, the rank condition of Theorem 1 is actually required in the
real case. In fact, there exists a closed geometric solution in P(R5) with m = 2, which is not a
projective hyperplane. See Example 8 of the next section.
In the real case, as a corollary of Theorem 1 we have the folowing:
Corollary 2. Let dim P(V ) = 3 (resp. dim P(V ) = 5). Then a closed smooth (hyper)surface
of P(V ) is a geometric solution of the Monge–Ampe`re system 0 if and only if it is a projective
(hyper)plane.
Recall that, in the case dim P(V ) = 3, the system 0 has Ker ρ ′∗ as a completely integrable
characteristic system, therefore 0 is in the class P0 in the sense of [23] and locally isomorphic
to the equation r t −s2 = 0 ([7, 23]). In this sense, the system 0 is a global model of r t −s2 = 0.
A smooth surface S in Q is a solution of 0 : r t − s2 = 0 if and only if S is a Legendre
submanifold of Q and the rank of ρ ′ : S → P(V ∗) is less or equal to 1 everywhere. Therefore,
by Corollary 2, if S ⊂ Q is a solution of r t − s2 = 0 and not the Legendre lift of a projective
plane, then the projection ρ : S −→ P(V ) has always singularities.
A geometric solution A ⊂ P(V ) of r t − s2 = 0 is a ruled surface generated by projective
lines and the tangent spaces of A are constant along each generating line. For instance, the cone
C defined by z2 = x2 + y2 with affine coordinates x, y, z is a solution of 0 with singularity.
We note that C has the Legendre lift C˜, which is diffeomorphic to a torus and has no singularity,
while C does.
In general, a geometrical solution in P(V ) of r t − s2 = 0 is regarded as the ρ-projection of
the projective conormal bundle of a space curve in P(V ∗). If the space curve is non-degenerate,
that is, not contained in any plane of P(V ∗), the geometrical solution turns out to be a tangent
developable of the dual space curve in P(V ) = P(V ∗∗) [11]. The above example corresponds
to the case the space curve in P(V ∗) is in fact a plane curve: The singular point corresponds to
the dual point to the plane containing the plane curve. For a non-degenerate curve, the tangent
developable has singularities along the dual curve in P(V ). Therefore the solution can be non-
singular only when the space curve in P(V ∗) is reduced to a point. Then the corresponding
solution in P(V ) is the dual plane to the point. Otherwise, each generating line contains a
singular point. In the next section we shall clarify this argument in the proof of Theorem 1.
If a geometrical solution of r t − s2 = 0 in the projective three space has singularities just on
the plane at infinity, then its affine part is of constant zero curvature with respect to the induced
metric of the Euclidean three space. Then, similarly to the proof of Theorem 1, we find again
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the classical Hartman–Nirenberg’s theorem [9, 28, 29]:
Theorem 3. Let A be a properly embedded connected smooth hypersurface inRn(⊂ P(Rn+1)).
Then A is a geometrical solution of the equation 0 with rank ρ ′|A˜  1 if and only if A is
a cylinder generated by parallel (n − 2)-dimensional affine subspaces of Rn. In particular, a
properly embedded connected surface A in R3 has the zero Gaussian curvature if and only if
A is a cylinder generated by parallel lines in R3.
We remark here an interesting contrast between Theorem 1 or 3 and that of Bernstein and
Jo¨rgens [26, 14] which asserts that a solution defined on the whole xy-plane of the equation
r t −s2 = 1 is a polynomial of degree 2. The latter arises from the ellipticity of the equation, but
the former arises from some properties of projective geometry and holds both in the real and
the complex category. Also compare with the investigations of surfaces of constant negative
curvature [20, 31].
In the course of proofs of Therems 1 and 3, we are naturally led to the notion of the second
fundamental forms, which are regarded as linear families of symmetric matrices. Recently, in
complex case, the study on the second fundamental forms has much progress to show remarkable
results for subvarieties in complex projective spaces [17, 18]. However, as seen in [33], there
remain missing yet the results in the real and C∞ case which connect real projective geometry
with projective differential geometry.
Besides r t − s2 = 0, there is another locally trivial Monge–Ampe`re equation, s = 0. The
Monge–Ampe`re equation s = 0 is given by the system
α = dz − p dx − q dy = 0, θ = dp ∧ dx = 0,
on R5. Remark that the equation r t − s2 = 0 is given by
α = dz − p dx − q dy = 0, θ = dp ∧ dq = 0.
The type of possible singularities of generalized solutions should be an invariant of a Monge–
Ampe`re equation. In §2, we observe that these two equations can be distinguished by their
singularities of the generalized solutions (Proposition 10). There a key role is played by the
open umbrella [1, 6, 11].
For the first order partial differential equations, the singularities of solutions, with respect to
the Legendre fibring, are well described by Legendre singularity theory. See [13] for instance.
Remark that the open umbrella never appears as a generalized solution of a first order partial
differential equation defined by a submanifold in PT ∗R2 of a positive codimension which is
transverse to the contact distribution (Lemma 11).
For other approaches to the singularities of the Monge–Ampe`re equations, see [15, 16, 30].
For the classification problem of the Monge–Ampe`re equations, see [23, 24, 25, 19, 32]. For the
local classification of singular geometrical solutions of r t − s2 = 0, namely, for that of tangent
developables of space curves, see [5, 27, 21, 22, 10, 11]. For the global topology of tangent
developables, see [3] for instance.
In this paper all manifolds and mappings and so on are assumed to be of class C∞, unless
otherwise stated.
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2. Global solutions
First recall the contact distribution D of the projective cotangent bundle M = PT ∗N
with the projection π : M −→ N over a manifold N . A contact element c ∈ M defines
a tangent hyperplane H ⊂ Tπ(c)N . Then set Dc = π−1∗ (H) ⊂ Tc M , for the differential
π∗ : Tc M −→ Tπ(c)N . To prove Theorem 1 we will utilize the following fundamental result [1]:
Lemma 4. Let S ⊂ M = PT ∗N be a Legendre submanifold. Assume that the restriction
π |S : S −→ N of the projection is a submersion onto a submanifold W ⊂ N. Then S is
contained in the projective conormal bundle L = PT ∗W N of W in N. Moreover, S = L in a
neighborhood of each point s ∈ S in M.
Proof. Let s ∈ S, and H ⊂ Tπ(s)N be the contact element defined by s. Take v ∈ Tπ(s)W .
Then there exists u ∈ Ts S with π∗(u) = v. Since Ts S ⊂ Ds = π−1∗ (H), we see v ∈ H . Thus
Tπ(s)W ⊂ H and therefore s ∈ L . The second half is clear since dim S = dim L . 
If dim V = n + 1, then we identify P(V ) (resp. P(V ∗)) with RPn (resp. RPn∗).
Let A ⊂ RPn be a closed geometrical solution of 0 and (p, q) ∈ A˜ ⊂ Q. Then we see, by
the definition of 0, ρ ′|A˜ is of rank  n − 2 at (p, q). Furthermore we observe the following:
Lemma 5. Assume ρ ′|A˜ is of constant rank m in a neighborhood of (p, q) in A˜. Then there
exist a submanifold W of dimension m in an open neighborhood U of q in RPn∗ such that
ρ ′−1(U ) ∩ A˜ = PT ∗WRPn∗, the projective conormal bundle of W in RPn∗. In particular, ρ ′|A˜
is of constant rank m on ρ ′−1(U ).
Proof. There exists an open neighborhood V of (p, q) in A˜ (resp. U of q in RPn∗) such that
ρ ′|A˜ is of constant rank m on V and W = ρ ′(V ) is a submanifold of dimension m in U . Set
L = PT ∗WRPn∗. Then, by Lemma 4, we see L = A˜ in V .
Let q ′ ∈ W . On the fibre (ρ ′|L)−1(q ′), the subset
Lq ′ = {(p′, q ′) ; L = A˜ in a neighborhood of (p′, q ′)},
is open and non-empty. Moreover Lq ′ is also closed. In fact, let (p′, q ′) be on the closure
of Lq ′ . Then (p′, q ′) ∈ L ∩ A˜ and T(p′,q ′)A˜ = T(p′,q ′)L . Therefore the rank of ρ ′|A˜ at (p′, q ′) is
equal to m. This indicates also that the rank is constant m in a neighborhood of (p′, q ′) in A˜: If
not, then we have T(p′,q ′)A˜ = T(p′,q ′)L ′ for the projective conormal bundle L ′ of a submanifold
W ′ in RPn∗ of dimension greater than m, which leads to a contradiction. By Lemma 4 again,
we know, near (p′, q ′), A˜ is a projective conormal bundle of a submanifold of dimension m,
which coincides with W in a neighborhood of q ′. This shows (p′, q ′) ∈ Lq ′ .
From the connectivity of (ρ ′|L)−1(q ′), we see that Lq ′ = (ρ ′|L)−1(q ′) and that L = A˜ on
a neighborhood of (ρ ′|L)−1(q ′). 
Let (W, q) be a submanifold-germ of (RPn∗, q). Set F = Q ∩ (RPn × W ) ∼= PT ∗RPn∗|W .
The critical locus of ρ|F : F −→ RPn is equal to the projective conormal bundle L of W . If
W is, as above, a local image of the germ ρ ′|A˜ at (p, q) where ρ ′|A˜ is of constant rank, then, by
Lemma 5, ρ|L : L −→ RPn is a parametrization of A near ρ ′−1(q)∩ A˜ = ρ ′−1(q)∩ L . We are
going to study the singularity of this map-germ.
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Take an affine coordinate (y1, . . . , yn)ofRPn∗ centered at q such that W is locally represented
by
ym+1 = ϕm+1(y1, . . . , ym), . . . , yn = ϕn(y1, . . . , ym),
for some functions ϕ j , m + 1  j  n.
Denote by H(ϕ j ) the Hesse matrix (∂2ϕ j/∂yk∂y)1k,m of ϕ j . For an homogeneous coor-
dinate (X0, X1, . . . , Xn), F is defined by
F(X; y1, . . . , ym) = X0ϕn + · · · + Xn−m−1ϕm+1 + Xn−m ym + · · · + Xn = 0,
and L is defined by
F = ∂ F/∂y1 = · · · = ∂ F/∂ym = 0.
Then we have
Lemma 6. The projection ρ|L is not an immersion at a point (p, q) ∈ L if and only if the
symmetric matrix
H =
n−m−1∑
k=0
Xk H(ϕn−k)(0)
is degenerate, where (X0, . . . , Xn−m−1, Xn−m, . . . , Xn) is the homogeneous coordinate of p ∈
RPn. In particular, ρ|L is an immersion along the fibre (ρ ′|L)−1(q) if and only if the linear
family H = ∑n−m−1k=0 Xk H(ϕn−k)(0)of symmetric matrices represents non-degenerate matrices
for any (X0, . . . , Xn−m−1) = (0, . . . , 0).
Proof. ρ|L is an immersion at (p, q) ∈ L if and only if
(F, ∂ F/∂y1, . . . , ∂ F/∂ym, X0, . . . , Xn)
is an immersion at (p, q). This is equivalent to that rank H = m. 
As a consequence we have
Lemma 7. Let m > 0. If n  12 m(m + 3) or m is odd, then ρ|L is not an immersion along
(ρ ′|L)−1(q) for any q ∈ W .
Proof. Consider the vector space S(m) of real symmetric m × m matrices and the variety
 ⊂ S(m) of degenerate matrices.
If n − m > dim S(m) = 12 m(m + 1), then H(ϕm+1)(0), . . . , H(ϕn)(0) are linearly dependent
in S(m). Thus H represents the zero matrix O for some (X0, . . . , Xn−m−1) = (0, . . . , 0).
In the case H(ϕm+1)(0), . . . , H(ϕn)(0)are linearly independent, we take the (n −m)-plane H
spanned by H(ϕm+1)(0), . . . , H(ϕn)(0) in S(m). Remark that the projectification P ⊂ P S(m)
is not void of degree m. Therefore, if n − m = 12 m(m + 1) or m is odd, then the projective
(n − m − 1)-plane P H intersects to P in P S(m). 
Proof of Theorem 1. Let A ⊂ RPn = P(V ) be a closed smooth geometrical solution of 0
with maximal rank ρ ′|A˜ = m. Then, for a point p ∈ A, the rank of ρ ′|A˜ at (p, q), q = (Tp A) ∈
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RPn∗, is equal to m, which is the maximal rank. Then ρ ′|A˜ is of constant rank m near (p, q).
Consider the projective conormal bundle L of the local image of A˜near (p, q). Then, by Lemma
5, L = A˜ in a neighborhood of (ρ ′|L)−1(q). Now assume m is odd or n > 12 m(m + 3). Then, by
Lemma 7, we see that ρ|A˜ is not an immersion, which leads to a contradiction.
In particular, if m  1, we see that m = 0, therefore, that the rank of ρ ′|A˜ should be identically
zero. This means A is a part of a projective hyperplane. Since A is closed as a subspace of
RPn , A is a union of hyperplanes: But A being smooth, we conclude that A is a projective
hyperplane. 
Proof of Corollary 2. In case dim P(V ) = 3 or 5, we see m = 0 by the first half of Theorem 1.
Therefore the second half of Theorem 1 implies Corollary 2.
Proof of Theorem 3. Let A be a properly embedded geometrical solution of 0 inRn with rank
ρ ′|A˜  1. Regard A˜as a (non-properly embedded) hypersurface in PT ∗(RPn) ↪→ RPn ×RPn∗.
Let (p, q) ∈ A˜. First consider, as in the proof of Theorem 1, the case that the rank of ρ ′|A˜ at
(p, q) is equal to 1 and denote by L the projective conormal bundle of the local image W of
A˜ by ρ ′. Then, by Lemma 7, ρ|L is not immersive along (ρ ′|L)−1(q). By the assumption that
A is properly embedded in Rn , we see that A˜ is properly embedded in PT ∗Rn(⊂ PT ∗(RPn)).
Moreover by Lemma 4, we see, for each q ′ ∈ W near q, that any singular point (p′, q ′) of ρ|L
on the fibre (ρ ′|L)−1(q ′)belongs to ρ ′−1(q ′)∩(L − A˜), and that p′ is on the hyperplane at infinity
RPn − Rn .
Let y1 = t, y2 = ϕ2(t), . . . , yn = ϕn(t) be a parametrization at t = 0 of the curve W for
some affine coordinates centered at q. By Lemma 6, we have
(d2ϕ2
dt2
(0), . . . ,
d2ϕn
dt2
(0)
)
= 0.
If not, ρ|L has a singular point on (ρ ′|L)−1(q)∩ A˜.
Consider the families of 3 × (n + 1) matrices
S =

1 t ϕ2 . . . ϕn0 1 dϕ2/dt . . . dϕn/dt
0 0 d2ϕ2/dt
2
. . . d2ϕn/dt
2

,
with the parameter t . By Lemma 6 again, the coordinates X = t(Xn, . . . , X1, X0) of singular
values of ρ|L satisfies the linear equation SX = 0. Since all singular points are on the hyperplane
at infinity, we see that the rank of S is equal to the rank of the 4 × (n + 1) matrix
S˜ =


1 t ϕ2 . . . ϕn
0 1 dϕ2/dt . . . dϕn/dt
0 0 d2ϕ2/dt
2
. . . d2ϕn/dt
2
a0 a1 a2 . . . an

,
for each t near 0, where a0 Xn + · · · + an X0 = 0 is the equation of the hyperplane at infinity.
Therefore the fourth row of S˜ is a functional linear combination of other three rows of S˜.
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Thus we easily see that
rank
(
d2ϕ2/dt
2
. . . d2ϕn/dt
2
d3ϕ2/dt
3
. . . d3ϕn/dt
3
)
= 1.
This means that W is not contained in any line and is contained in a plane . Hence, in a
neighborhood of (ρ ′|L)−1(q), L projects to a hypersurface ruled by (n − 2)-dimensional planes
intersecting along the common (n − 3)-dimensional plane ∗, the projective dual of , which
lies on the hyperplane at infinity. In particular, these (n − 2)-dimensional planes are parallel to
each other.
Decompose A = A1 ∪ A0, where A1 (resp. A0) is the open subset (resp. closed subset) of A
consisting of the points p such that the rank of ρ ′|A˜ at (p, q) is equal to 1 (resp. 0). By Lemma 5,
we see that each connected components of A1 is the union of parallel (n−2)-dimensional planes,
while the interior of A0 is a union of parts of hyperplanes.
If the boundary of a component of the interior of A0 is non-empty in Rn , then it consists
of two (n − 2)-dimensional planes on the boundaries of possibly different components of A1.
Since these non-intersecting two (n −2)-dimensional planes are on one hyperplane, we see they
are parallel. Also the closure of A1 minus the closure of the interior of A0 consists of parallel
(n − 2)-dimensional planes by continuity. Thus, by the connectivity of A, we conclude that A
is ruled by parallel (n − 2)-dimensional planes. 
Example 8. Consider a surface-germ W, q in RP4∗ locally defined by
y3 = 2y1 y2, y4 = y21 − y22 ,
with respect to some affine coordinates y1, y2, y3, y4 with center q. Then the pencil
H = X0
(
2 0
0 −2
)
+ X2
(
0 2
2 0
)
of symmetric matrices represents, for any (X0, X1) = (0, 0), non-degenerate matrices. Therefore
in this case ρ|L is in fact an immersion along (ρ ′|L)−1(q).
More strictly, we see that there exists a closed smooth geometrical solution A ⊂ RP4 of
the Monge-Ampe`re system 0 which is different from the projective hyperplane: Consider the
mapping ϕ : R3 → R5∗ defined by
ϕ(u, v, w) = (u2 − v2, v2 − w2, w2 − 2uv, uv − vw, vw − wu).
Then ϕ−1(0) = {0} and ϕ induces a mapping ϕ : RP2 → RP4∗, which is a linear projection of
the Veronese surface in RP5∗. Since the Jacobi matrix of ϕ,
J (u, v, w) =

 2u 0 −2v v −w−2v 2v −2u u − w w
0 −2w 2w −v v − u

,
is of rank 3, provided (u, v, w) = 0, we see that ϕ is an immersion. Set
F(X; u, v, w) = X0(vw − wu) + X1(uv − vw) + X2(w2 − 2uv)
+X3(v2 − w2) + X4(u2 − v2),
Monge–Ampe`re equations 121
X = (X0, X1, . . . , X4). Then we see that ϕ induces a diffeomorphism between
L = {(X; u, v, w) ∈ RP4 × RP2 | F = ∂ F/∂u = ∂ F/∂v = ∂ F/∂w = 0}
and the projective conormal bundle of the immersed manifoldϕ(RP2), and that ρ : L → RP4 is
an embedding. These follow from the fact that F defines a linear family of real plane quadratic
curves without degenerate singular points, and that the 6 × 5 matrix

J (u, v, w)
J (u′, v′, w′)


=


2u 0 −2v v −w
−2v 2v −2u u − w w
0 −2w 2w −v v − u
2u′ 0 −2v′ v′ −w′
−2v′ 2v′ −2u′ u′ − w′ w′
0 −2w′ 2w′ −v′ v′ − u′


is of rank 5, provided [u, v, w] = [u′, v′, w′] ∈ RP2; the set of common zeros of its 5-minors
in R6 coincides with the zero set of (a + b)2 + (b + c)2 + (c + a)2, and therefore with the set
{a = b = c = 0}, where a, b, c are 2-minors of(
u v w
u
′
v
′
w
′
)
.
Thus A = ρ(L) ⊂ RP4 is a closed smooth geometrical solution of 0 with rank (ρ ′|A˜) = 2,
which is diffeomorphic to an RP1-bundle over RP2. 
In the complex analytic case, a similar result as Theorems 1 and 3 holds without the rank
condition:
Proposition 9. Let A ⊂ CPn be a complex closed (i.e., algebraic) hypersurface. Then A is a
geometrical solution of the system 0 if and only if A is a projective hyperplane in CPn.
Proof. First remark that Lemma 6 is valid also in the complex analytic case. Now assume
that the maximal rank m of ρ ′|A˜ is positive: 0 < m < n − 1. In the complex analytic case, by
the similar argument as in Lemma 7, the family H represents a degenerate matrix for some
(X0, . . . , Xn−m−1) = (0, . . . , 0). Then, similarly to the proof of Theorem 1, we see ρ|A˜ is not
an immersion, which leads to a contradiction. Thus we see that m = 0 and that A is a projective
hyperplane. 
2.2. Singularities
Consider a map-germ f : R2, 0 → R5, 0 defined by
(x, y, z; p, q) ◦ f = (u, v2, uv3; v3, 32 uv),
which is an integral mapping with respect to the contact form α = dz − p dx − q dy on R5,
that is, f ∗α = 0.
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Let M5 be a contact manifold, and g : R2, 0 −→ M an isotropic map-germ. Then g is called
an open umbrella if g is transformed to the above map-germ f by a contact diffeomorphism-
germ (M, g(0)) → (R5, 0) up to parametrization [1].
An open umbrella f appears as a parametrization of the projective conormal bundle of a
space curve-germ of type (2, 3, 4), and it has the isolated singular point and kernel rank one
there. The corresponding geometric solution in RP3 is the developable surface of a curve of
type (1, 2, 4). Recall that, for a space curve-germ in RP3 we indicate the triplet of natural
numbers (a1, a2, a3), 1  a1 < a2 < a3. Then the Legendre lift of the developable surface of
the curve is non-singular if and only if a3 = a2 + 1 [10, 11]. Therefore the case (1, 2, 4) is the
simplest among the case when the corresponding solutions of r t − s2 = 0 have singularities.
Then we have the following:
Proposition 10. An open umbrella can be a generalized solution of r t − s2 = 0 but cannot
be a generalized solution of s = 0.
The following shows a significant characteristic of the open umbrella:
Lemma 11. Let f : R2, 0 −→ M, f (0) be an open umbrella and H : M, f (0) −→ R, 0 be a
C∞ function-germ with d H( f (0)) = 0 and H ◦ f = 0. Then d H( f (0)) determines the contact
hyperplane in T f (0)M.
Proof. From the contact invariance, it suffices to check for the local model of the open um-
brella. If we set H(u, v2, uv3, v3, 32 uv) ≡ 0, then we have (∂ H/∂x)(0) = (∂ H/∂y)(0) =
(∂ H/∂p)(0) = (∂ H/∂q)(0) = 0. 
The Monge–Ampe`re equation s = 0 is given by
α = dz − p dx − q dy = 0, θ = dp ∧ dx = 0,
on R5. The following gives the crucial property of generalized solutions for s = 0:
Lemma 12. Let f : R2, 0 −→ R5, 0 be an isotropic map-germ. If f is a generalized solution
of s = 0, (namely f ∗α = f ∗θ = 0), with rank T0 f  1, then there exists a C∞ function-germ
H : R5, 0 −→ R, 0 such that H ◦ f = 0 and d H(0) restricted to the contact hyperplane is not
equal to zero.
Proof. Take v ∈ T0 f (T0R2), v = 0. Consider the projection (x, p) : R5, 0 → R2, 0 and set
f ′ = (x, p) ◦ f : R2 −→ R2. Then rank T0 f ′  1. Similarly setting f ′′ = (y, q) ◦ f , we get
rankT0 f ′′  1. Since 〈v, dx〉, 〈v, dy〉, 〈v, dp〉 and 〈v, dq〉 are not all zero, we see rank T0 f ′  1
or rank T0 f ′′  1. Therefore either f ′ or f ′′ is of constant rank one. If we choose a submersion
h : R2, 0 −→ R, 0 with h ◦ f ′ = 0 or h ◦ f ′′ = 0, then it suffices to set H = h(x, p) or
H = h(y, q) to see Lemma 12. 
Proof of Proposition 10. Since an open umbrella is realized as the projective conormal bundle
of a space curve, it is a solution of r t − s2 = 0. On the other hand, by Lemmas 11 and 12, we
see any open umbrella is not a solution of s = 0. 
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